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Adapted Fourier transform of Schwartzspacesfor
certain nil potent Lie groups
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Abstract. In theframeworkof the deformationprogram (* -product), initiated in
[1], anilpotentFouriertransform 8 was introducted([4], [5]).Thistransformation
is definedfor f in S(C) a denseinvariantopensubsetF of g’ is parametrized
by F = R28 x ‘~) where~t)is thesetofcoadjointorbits in F and:

= fexP(ia(XPqX))f(exPX)dXwhere

X E g,(p,q,)¼)E x V,

a is a rational functionin )~,polynomialin (X, p, q). if C is abelian, 8 is the
usualFouriertransform.

In [6] wehaveprovedthat 8 S(C) —~ C~(V,S(p q)) is continuouswhere
C°°(V,.S(p,q))istiiespaceofC°°functionsin )~E ‘I? to S(pq)(S(p,q) isthe
schwartzspaceon R28)

In thispaper,wegiveacriteriumforthedensityof 8 ( S(C)) in C°°(V,S(p,q))
(hypothesis(H) ofsection2) andmanyexampleswherethishypothesisholds.

INTRODUCTION

The implementationof thedeformationtheory in the harmonicanalysisis moreex-
plicitly translatablefor the nilpotentgroups; in this casewe definea *-product (i. e. a
deformationof usualproductof C’~functionson F, where F is aninvariant(for the

coadjointrepresentation)Zariski opensetof ge), this is possiblethanksto the fact that
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we areableto simultaneoii’slyandglobaly parametrizethe orbits of F andthento detinc

on eachonethc Moyal x-product (seesection 1).

MoreoveranilpotentFouriertransformwasintroducedbetweenL (C) and L~( F)

(14], [5]) andthis is ageneralisationof the usualFouriertransformfor theabeliancase;
o is aunitary transformationandhasnumerousproperties. In our opinion 0 has to
play animportantrole as theusualFouriertransformfor the abeliancase.

This paperis a contributionto thestudyof this transformation,we will be interested

herein thequestionof therangeby 0 of functionalspaceson C. Betweenthesespaces,

oneof the most importantis: S(C) (the spaceof functions f on C such that f o exp

is a C°°function, rapidly decreasingon g), on the other hand,the parametrization

of F provesthat F is diffeomorphicto V x R
2k, where V is a Zariski opensetof

R~~2k(dimg n~.V is alsothe C-orbits spaceof F.

We know that [5] O(S(C)) is included in C~(V,S(R2k)) in 161 we pmvcd

that 0 is a continuousmappingfrom 5(G) to C~(V, S(R21’fl if we endowthese

spaceswith their usualtopologies.

Here we shall be interestedby thequestionof thedensityof 0 ( 5(C)) in (]~ )

S(R2k)) morepreciselywe shall provethe density undera hypothesis(H) on the

parametrizationof F (seesection2), andfinally we give manyexamplesof nilpotent

Lie groupsfor whichthehypothesis(H) holds in the last section.

SECTION 1.

We denoteby C a nilpotent connectedandsimply connectedLie group, g the Lie

algebraof C with dual g~,and U( g), S( g), 1(g) arc respectively the universal cii~

~velopingalgebra,thesymetricalgebraof g andthe ring of the C-invariant polynomial

functionson g0

The unitarydual C of G wasdeterminedby Kirillov I 3]: thereexistsa oneto one

mappingbetweenthesetof co-adjointorbits in g0 andthesetof equivalenceclassesof

unitary irreductiblerepresentationsof C, this corrcspondancehetwecenthe orbit ()~

andtherepresentationir~ is explicitelydeterminedby thecharacterformulaof Kirillov:

Tr(~(f)) f f(~)d~(~) for f E 5(C)

Where 5(C) is the space of the functions f with f o cxp is in the Schwartz space of

g, f is the usual Fourier transform of f o exp and d /i~ is the canonicalmeasure oti

O~ir~(f) is a Hilbert Scmidtoperatoron H = L2(R~k = 1/2 dini O~,H is the

spaceof realizationof irk).

First we choosea parametrizationof adenseinvariantsubset F of g’ the result is

asfollows:
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THEOREM1. [2] ThereexistsaZ.ariskiopenset F C g , rational functions p,, , (j =

1, ... k,k is 1/2 ofdim O~)andrational functions)~m(m= 1, . . , r; r = dim g —

2k); p,, q~,~m beingsmoothon F suchthat:
1) themapcJ?: F—’VxR21 (~—*(p,(~),q(.~),)..(~)))isadiffeomorphism

here V = )¼(F) isa Zariskiopensubsetof Ri
2) eachorbit0” in F isO” = cb~({~} x R2!t) andthcmap 0>’ —~ R2/C
(~—~ (p(~),q(~)))isadiffeomorphism.In particular (2 ir)’~d~>‘~) andtheca-

nonicalsymplecticstructureof 0” is definedbythe2-form ~ d p,, A d q, -

3) VX E g,~(p,q,~)= (X,~)= ~~
1(~,q)p~.+ ~0(~,q) where isin

,q~].

Asthis parametrizationplaysacentral rolein this article,we shall briefly recallhow

it is obtained.Ourparametrization(p, q, )~)is buildedup by inductionon n= dim g,

following a sequence{o} C g~C ... C g,~= g, where gj is an i-dimensional ideal

of g. Let X~beanelementofg1— g~1,thus {X~,i 1,...,n} isabasisofg. As

in [ 2] therearetwo possibilities:

CASE A. 1(g0) ~ S(g0.1) then I(g0~1)C 1(g0) andthereexists )~in 1(g0) —

1(g0_1) suchthat:

= aX0 + (a E I(g0_1),~E S(g0_1))

and (p,q) = (p’,q’);)~ = (~‘,)¼,).

CASE B. 1(g,) C S(g0~) then 1(g,5) C 1(g01) andthereexists Y in I(g01) —

I( g,~)suchthat:

~5ç,~’}=
2, ZEI(g

0) and Z~O

{, } is thePoissonbracketon Ot. We put:

Pk = X0 qk = Y.Z, exp _q~ad~(8)X0p~,

= exp—q~ad5(8)X0q~.

Now we canwrite thePlancherelformulafor C in thefollowing form:

f(e) = fJ(~)d~ = fTr(~>’(f))r(~)d~

where d x = r~~)d)~dpd q, r(A) is rational, regularon V.
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The nilpotentFourier transformis introducedby a deformationof Poissonbracket

andassociativeproductof C°°functionson g* 14].
Precisely,we defineon S(0>’) = S(p, q) the * product:

u
0v(~)= ~k f u(~’)v(c”) e

2(” “e’~c,ed~‘d ~“

O~xO~

where ~ =,~p~q~•,—p;~q,,

and ~=(p,q),~=(p,q).

This * productcan be extentedto L2(0>’), [I]. On theother hand, if u or v is a

polynomial function,we put:

u,v(~)= ~ (~)~A~1~1 . . ~ ,,v(~)

Where Aab is the 2k x 2 k matrix 1 ~ and ~f = with

~—i o ax~. . . ax,
{Xl,...,X

2~}={p1,...,p~,qt ~kY

(5(0>’), *) is anassociativeandinvolutive for complexconjugationalgebra.If we

put, for u,v in 5(0>’):

= u~v,r(u)v= v~u,Q= 2ke2
2),Q, =

+ iq
1Y

3 *Q2~,s= (81 sk) E

we have:

THEOREM 2. 51
I) ~ E S(0>’),~jQJ~,f~ *~ =

2) The system ~ s is in INk) is an orthonoirnalbasisof r( ~fl( L( IF

3) Thesystem{Q~* ~a, and rn beingin INk~}is a hilbcn basisof L ~

4) 5(0>’) admitsone andonly one faithful irreductiblerepresentationT>’( U) .y

= U
01(u)0U ~ with U : r(~)L’(0~) L

2(Rk) and U(~ = h,J~

8!2~’F\/~ (az)’
5) T is aunitary transformationof L’ ( 0>’) into the space HF o/iJilbczl-Shinidi

operatorson H and:

TrT>’(u) = f u(p,q,~) (u e 5(0
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Fromthis point we define thenilpotentFouriertransformof f in 5(C) by:

0(f) 0~=(T>’~
toir”(f)

Then it can be shownthat 8(f) C)x is in S(O”) for each )~in V and 8(f) is a

C~ function on F. See[4] andL5].
Let x betheconvolutionon S(C), then 8 ( f x h) coincideswith 8(f) * 8(h).

Moreoverwe havean integral formulafor this Fouriertransform:

THEOREM 3. [5]

I) Thereexistsa real function a( X, ~) whichis polynomialin X, rational in ~
in g andregular on F suchthat:

8(f)(p,q, ~)= f e~ ~‘>‘~f(expX)dX

and

f(expX) = fe(f)e;0>’)r(~)d~dpdq

In view of the construction of 0(f) ([4], [5] ) we cangive amoreexplicit expression

of a(X,p,q,>~)that is:

a(X,p, q, ~) f ~(p, ~, (exp t~(O, ~t(q) , ~)),~)d t.

where:

= ~a
1(X,q,~)p1+ a0(X,q,~),~(p,q)= q —

X is thevectorfield on 0>’ definedby: X = ~ a1(X,i~,(p,q))(_~-+ +~—)
The flow of X is exptX(p,q)=(P,Q~),where:

= Pk — tak,Qk = qk ÷~ak and P~ p1 — fa~~~p s~(p,q,~)))ds

Qt = — lf (~(e ~( A)))d finally ~(q1) = Q~(O,q,~).

If f belongs to S( G), with our theorem, the function 0(f) (p,q, )~)is anelementof

the space C°°(V,S(p,q))of C°°-functions of the variable )~ to S(p,q). Moreover:
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LEMMA 1. 0 : L
2(C) -.÷ L~(FI isanisometly.

Proof Let f be in S( C). Using thePlancherelformula we have:

= f>’(f)is~>~ =

fHT>’(0(f) oI~isr(~)~

but T>’ is a unitary transformationI 5 ]. then:

~fH~2(c~= f 0(f)I
0~ (0~)r(~)d~= I0(f)~2(~. Q.E.l)

Let p( resp.p’) bethe representationof C x C on L
2 (C) ( rcsp. L2( g~))defined

by:

(p(g
1,g2)f)(g) = f(g~

1 •g g
2) for] C L( C)

p’(exp X1 ,exp x2 )u = cxp *( —iX1) * u * exp *( ~

for uF L
2(g~and X,,X

1 in g.

As 0 intertwines p and p’ then Q : L
2( C)~ L>(g)~ is an isomorphismwhere

L2 (C)~ (resp. L2( g~)~)is thevector spaceof C~vectors of p ) resp. p)
Now we cut down the more manageablespace5(C) wich is densein L’) (~‘0~

([lO])hcncc0(S(C)) isdenseinL>(g).

Howeverif f is in 5(C) then 0 (f is in C~(V, S( p q) ) 5!, and:

THEOREM4. [6] If 5( C) and C°’( V 5) p,q)) arecndowin~.’i0th their topolog’~then:

0 : 5(C) —* C~(V,S(p, q)) is Continuous.

Now we ask for the densityof 0 S(C ) ill this space.

SECTION 2.

We keepthe notationsof theprevioussection,we considerea sequence:

{o} c g
1 c ... c g~= g.

where g~is an i-dimensional ideal of g, an element x, of g~ g, thus {X,, 2 =

1, . .. , ii) is abasisof g andeach g of C canbe written:
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g = exp>z1X1

wechoose (z1,... , x1~)for a systemof coordinateson C.
In this sectionweshallprovethat 8(5(G)) is densein C°°(1), S(p,q)) underthe

following hypothesis(H) for ourparametrization:

for anyi = 1,... , n, thereexistsa differentialoperator

on variablesp,q, )~: with coefficientsrational
(H)

in )~andpolynomial inp, q suchthat:

8( x~ f) = ~ . 0(f) V f e S(C).

Ourapproachis to provethat 8(S(C)) contains C~(V,S(p,q) where CC°°(V,S

(p, q)) is thespaceof C°°-compactlysupportedfunctionswith value in S(p,q).

PROPOSITION1. Underthehypothesis(H), if A~isa differentialoperatorwithpoly-

nomialcoefficientson C thenthereexistsadifferential operatorA>’~~with polynomial

in (p,q) andrational in )~coefficientssuchthat:

8(A~.f) = A>’~~.8(f)

Proof Let X be thevectorfield:

Xf(g) = ~f(exp -tX.g) ~ (f ~C~(G))

With our notations:

X j = and X7 = i— + ~ P1(z0,... , x~~1)

here P~are polynomial functions.Butsince:

iau

~ ~,*u=q,,.u+~~.~__

and:
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then:

0(X; . f) = * 0(f = B~pq0(f)

where B~pqis a differential operator with polynomial in (p, q), rational in 1. coeffi-

cientsthenby inductionon ~ andusingthehypothesis(H)

0 (~f) = e(X/ f) — ~ ,z~~1)~f)= Bq0f.

Thenour propositionis a consequenceof hypothesis(H).

LEMMA 2. Wesupposethehypothesis(H) holds. Leta bea C~,compactlysupported

functionon V; let ~‘ bedefinedby:

~(expX) = IQ)XPQ>’)a(~)~*~r(~)d~dpdq

(X E g and (sm) E ~2k)

then ~ is an elementof 5(C).

Proof Weshallprovethat ~ E L
2(C) and Di,b E L2(C) foranydifferentialoperator

with polynomial coefficientsD.

I. Let ~ be anelementof 5’( C) then:

(~,~)~c) = f ~) (f e~~>’~a(1. )r( ~) ~ 1.d pd q) dz
C

= f~(z) (fa(~)r(~)(hsR>’(z)hm)L2(I~)d~)dz

f a(~)r(~) (f(~(~)(~>’(i)hm~hS)L2)Rk)dx)

= f a(~)r(~)(0(r)) i~~8~L~(R1k) d~

= (0(~),a(~)~S.~)f
2(f..)

thus:

I( ~ ~) ~ I®(~)HL2F .~a.Q,Q~J2(~)<C~/~~I,2(C)
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On L2(G), the linearform ~ —i (1,b,~)L2(G) is continuousandby theRiesztheorem,
~ belongsto L2(G).

2. Let ~pbeanelementof S( C), let usremarkthat if A
1 is a differentialoperator

with polynomial coefficientsthenthe adjoint A~of A2 is alsoa differential operator
with polynomialcoefficients,thenas in 1. , if D is a differentialoperatorwith polyno-

mial coçfficientswehave:

f(D~,p)~2(c) I = (i,b,Dip) I = I(8(D.~) ,a~X)~.~).,fl)L2(F)

by thepropositionI

I(D1I~,~)L2(G) (A>’~~0((p), a(~)~I.~’c)L2(F) I
= (~(~),A~pqa(~)~s.~~L2(F) J � II~IIL~(C).CD.~

thus Dii.’ is in L
2(C) andfinally ~ in 5(C). .

THEOREM 5. Let C be a nilpotentconnectedandsimply connectedLiegroup and

let us supposethat the hypothesis (H) is valid, then 8(5(G)) is densein

C°°(V,S(p,q)).

Proof Let E= C~’(V)®S(p,q),lemma2means: EC 8(S(G)); now C~(V)

is densein C°°(V)and C°°(V)® S(p,q) is densein its completion:

C~(V)~S(p,q)= C~(V,S(p,q)). (see[71)

Thenourtheoremis proved. .

Of coursethe hypothesis(H) is valid in the abeliencase. In orderto build many

newexamples,we provefinally:

PROPOSITION2. Letg bea nilpotentLie algebra,we keepournotations,inparticular

n is dim g. Let ii : —* g bethecanonicalprojection and f in 5(C), then:

If dim 0>’ = dim ~ 0(Z
0.f) = —ia~—9(f). (a E C~(V))

If dim 0>’ = dim O~ + 2, 0(z0.f) = —ia~0(f).

proof Byinductiononn= dim g, andusingtheconstructionofthefunctiona(p,q)i)

eorem3)
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SECTION3.
Examples

In this sectionwe shall give a few exampleswhereourhypothesis( H is valid.

1. The Heisenbergalgebra

Let g bethe Heisenbergalgebra,

X E g,X = + ~2x2 + x>X.’ with [X3,X2] = X1, X1 central,

we denote ~ in g* as:

= ~f1 ÷~2f,,+ ~ with Kf,,X,) =

then, in the subset F of g* defined by:

F= {~such that ~0},

we have:

X1(p,q,1.) = = X,X2(p,q,~) = ~ = p

thus:

X(p,q,1.) = x>p+ ~x2q+ ~ = ~a(X,p,q,~)

then usingthe formula

0(f)(p,q, ~) = f ela(X~P5~)f(expX)dX

weobtain:

0(x1f)(p,q,~) = + ~ .0(f)(p,q,~)

=

= ~0(f)(p,q,~).
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2. The g54 case

Let g bethe nilpotentLie algebrageneratedby {X1 , X2 , X3,X4 , X5 } with:

[X4,X3] = X1,[X5,X31 = X2,[X5,X4] = —X3

g is called g5 ~ by Dixmierandis a classicalcounterexampleforsimilarquestions[9].

Thenin the subsetF of g
t definedby:

F= {~E g suchthat ~ ~ (~=(~,X~))},

we have:

X

1 ~i,X2 = = ~1q,X4 = p,X5 = + ~ i~1q2

Thus:

a(X,p,q)~)= —
5~(p,q)~)+ ~-x

4.x5 + ~-xs.x~ +

which provesthat hypothesis(H) holds for g with the sameargumentas for the

Heisenbergalgebra.

3. A veryspecialalgebras

Weshall studynow a classof nilpotentalgebrascalledhere <<very specialalgebras>>

forwhichour hypothesis(H) holds.In fact eachnilpotentalgebrag canbeembedded

in somevery specialalgebra.

CONSTRUCTION.Let n be an integer, for I < i < j < n we denoteby: E13. the

n x n matrix with

E~1= (akt), a~ =

6i,k ~

t(n) the spaceof matricesgeneratedby {E~
1j< i < i < n} and we definea total

orderon IN x 1’~ by:,

(i,j) < (k,.~)if (i < k) or (i = k and j > £).

Let B thevector (B1,... ,B0) with B in R~*~,Bk in lR~_~weput, for

I <i <J < n,

= (B1,...,B0) where B3 = 0 if s~i

and B~= ~ ,0, 1,0,... ,0), the <<I>> beingatthe j’ — i + I” place.
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If A is in t ( n) , we define by induction the matrices:

10 *...*

A
1 = A,A~ = [~ A,

Let (A, B) be thematrix:

A1 0 0 B1

0 A2 0 ... 0 B7

(A,B) =

A~ B~

0 0

The space:

g{(A,B)s.tA E t(n),B E

is anilpotentLie algebra.Its bracketis:

[(A,B),(A’,B’)] = ([A,A’],A1B~ —A’1B1 A~B~—A~B,) (3,1)

thus:
For 1 <i<nor 1 <i<)<n, weput:

g,3 is theLie algebrageneratedby (0, Xkk) for k ~

is the Lie algebrageneratedby (O,Xk8) with (ks) � 0,])

g~istheLiealgebragencratcdby(E~3,0)and (0,B) with B is in R~’~/
2

and (ks) < (i,j)

then:

{0} C g
11 C ... C ~ C gn1,n C ~-2,n~I C ~ C ~n 3,n 2 C. g~~

C ~ ... C g~Cg~~C...C g~2C g~~C C C.

C ~ = g (3,2)

is a sequenceof idealsof g, we denoteit by {0} C g1 C ... ci g~
2.

Let F C g~thesetF= {~E gs.tX
1(~)~0for i= I n}
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LEMMA 3. For ouralgebra with thissequenceofideals(3,2), Theparametrizationof

F introducedin theorem1, hasthefollowingproperty:If weput

d1I,d22,...,d~n, ckn+1,ck_l=n+2,...,cI_—~~~~

Zd = )~,Z~= q~, = p~,then:

Fori=l ,n
2:

.5ç(~, p, q) = 5~(Z) = Z~.f~(Zd) + g~(Z
1,. .. , Z~ ~

where f, is a rational, regularon V and g is a polynomialfunctionofthe variable
z~,z1 andrational functionofthe variables Zd.

Proof By inductionon n = dim g, following the sequence (3; 2 ), and usingthe

parametrisation(theoremI)

LEMMA 4. Wekeeptheprecedingnotationsthen: for m =

a(X,Z) = ~x,Z,f,(Zd) + ~ Z~’ ...X~fa,...,am(Z)
i=l (a, a,,,)

wheref,i,... , a~(Z) = g( Z1,. .. ,Z~.1) (g isrational in Zd, polynomialin Z~,Z1)

Proof Let g0 = {0} C g1 C ... C g,,. = g beingthe sequenceof ideal of g, then:

VX E g,~(Z) =

thus:

~(Z) = ~x~Z~f(Zd) + ~ ,Z~1)

VXEg,(x,EJR) (3,3)

Thatmeansthat whatwe write in theorem1:

X(Z) = ~ a,.(X,Z)Z~+ a0(X,Z) where a E lR(Z~)[Z~ ,...,Z~], and
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l=dl<...<d<ck<...<cl<~l<...<~k=m=n
2.

Readhere

a
3(X, Z) = z~.f~+ ~ i,.g,(Z~

$>1,

Let us compute the function a, we obtain:

a(X, Z) = i~Z,,f~(Zd ) + . . . ar,1) Z

where f~, . . . , a~(Z) = q( Z1 ) (g is rational in Zd, polynomial in Z~,Z~)

PROPOSITION3. Wekeepourprecedingnotations,let P( ~ ~ be a polynomial

functionon C, thenthereexistsa differentialoperator A~with coefficientsrational in

Zd andpolynomial in (Z,~,Zr), suchthat:

0(P(x).f) = Az.0(f)

Proof It’s theconsequenceof lemma3.

4. The3 stepni/potentLie algebra (therehave been studed by Rateliff in [8]

Let H~be the Heisnberggroupof dimension 2n + 1, with Lie algebra 11-I ~, and

S the sub group of the symplectic group SP2~

= { [~‘ ~], I is the identité andS an x n symmetricmatrix

with Lie algebraS.
Thesemi-directproductof S and IH is a 3 stepnilpotentalgebrawith thefollowing

bracket:

For X, Y in R
8, Z in R and S a n ~ n symetric matrix, we write (S, X, Y, Z)

as an elementof SI-I and

((S,X,Y,Z),(S’,X’,Y’,Z’)) = (0,0,S.X’ S’.X,X.Y’— X’Y)

If we put: B, = (0 1, 0 0), 1 at the
1th place, S,3 = ( ak~)the symetrie

matrix with

(ati = + . ~ X~= (0,13,0W:

= (0,0, B~,0);Z0 = (0,0,0,1)
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and and E
1~= (S11,0,0,0) then the system {Z0X~,Y~,E1~1 < i <j < n} is

abasisofSIl-I~and: (E,,X~)= Y~i;(E21,X,)= Y~(X1,Y1) = Z1~ Wedefinethe
total order on F~

2by: (i,~) < (r,s) if (i < r) or (i = r and j< s).E Let for
I <i <j< n: — g

0 bctheLiealgebrageneratedbyZ0

— g~betheLie algebrageneratedby Z0Y,; . . .; Y,,...,~1
— gbetheLiealgebrageneratedbyZ0,Y1,.. .,Y,,,X1,... ,X~
— betheLie algebrageneratedby Z0,Y1,... , Y,,,X1, ... , X,.,, E~, for (ij) <

(r, s)

~

sequenceof idealsof Sfl-I~,then we have:

a(X,p,q,~)= ~(p,q,~) —

1(3

COROLLARY. For thenilpotentalgebra511~, thehypothesis(H) holds.
Let g be any 3- stepnilpotentLie algebrawith one dimensionalcenter,in [8] it is

provedthereexistsfor some naninjection J from g into suchthat J(g) is

an ideal of SU~,and:

J(g) + S = SD-In

Now let V be a subspaceof S suchthat g I-In + V and {e1 ,... , e~}abasisof

V, we chooseabasis {ei, . .. , e~,,}of S suchthat {e1,... , e,~}C {e1,. . . e~}.Thus
if we put: — g0 theLie algebrageneratedby Z0

— g~theLie algebrageneratedby Z0 , Y1,. .. , Y,~,X1,... , X~

— g~’theLiealgebrageneratcdbyZ0,Y1, . .. ,Y~,X1,... ,X,,,e1,. . . ,e~

and since [S, 5] = 0 then:

~

is a sequenceof idealsof SIll ,~ andwe haveaparametrizationof Sit-I ,,(p, q, )\) with:

= /3~,X,, ~ is in IR,),,, is the invariantrationalof SIll ~)

Finally, theconstructionof the functionaon g using J provesas before:

PROPOSITION5. Let g bea 3stepni/potentLiealgebrathenthehypothesis(H) holds

for g.
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